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QUADRATIC SHEAVES AND SELF–LINKAGE
G. Casnati and F. Catanese
0. Introduction and first results
The present paper is devoted to the proof of a structure theorem for self–linked pure
subschemes C ⊆ Pnk of codimension 2 over a field k of characteristic p 6= 2.
We use the symbol C because the classical case to be studied was the one of reduced
curves in P3k. In this case, one can describe the notion of self–linkage in non–technical
terms, saying that C is self–linked if and only if there are surfaces F and G such that their
complete intersection is the curve C counted with multiplicity 2. This is a special case
of the notion of linkage (C is linked to C′ if C ∪ C′ is the complete intersection of two
surfaces F and G), classically introduced by R. Apery, F. Gaeta (see [Ap], [Gae]) and later
deeply investigated by the algebraic point of view by Ch. Peskine and L. Szpiro and by
P. Rao (see [P–S], [Rao1]). The special case of self–linkage was however studied before, in
the work of E. Togliatti (see [To1], [To2] ), and later D. Gallarati (see [Gal]), in the form
of the theory of contact between surfaces.
In [Ca1] the theory of contact was related to a new theory, of the so called even sets of
nodes, and later Rao used these ideas to obtain a structure theorem for projectively Cohen–
Macaulay self–linked subschemes of codimension 2 in projective spaces (see [Rao2]).
Recently, Walter’s structure theorem (see [Wa]) for subcanonical subschemes of codi-
mension 3 opened the way to solving some old conjectures about even sets of nodes and
contact of hypersurfaces (see [C–C]).
A basic ingredient was the algebraic concept of quadratic sheaves, generalizing to a
greater extent the geometric notion of contact and even sets. This notion was applied in
[C–C] to the classification of even sets of nodes on a surface F ⊆ P3k for low values of the
degree d.
On the other hand, let F ⊆ P3k be a surface whose only singularities are an even set of
nodes ∆. Then there is a curve C on F passing through the points of ∆, and a surface G
such that F ∩ G = 2C as cycles (see [Ca1], [Gal]). With this in mind it is therefore only
natural to apply the structure theorem for quadratic sheaves in order to obtain a structure
theorem for self–linkage.
This is done in the present paper, where we generalize the previously cited result of P.
Rao to arbitrary pure subschemes of Pnk of codimension 2, (see also the survey [Ca2] of the
second author for a preliminary version of these results).
Main Theorem. Let k be a field of characteristic p 6= 2 and C ⊆ Pnk be a pure subscheme
of codimension 2 which is self–linked through hypersurfaces F := {f = 0} and G := {g = 0}
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of respective degrees d, m. Let ℑC be its sheaf of ideals and set FF := ℑC/fOPn
k
(−d),
FG := ℑC/gOPn
k
(−m).
Assume moreover that if n ≡ 1 mod 4 and d+m− n− 1 = 2̺, then the following two
equivalent congruences hold:
χ(OPn
k
(̺))− χ(OPn
k
(̺− d))− χ(OC(̺)) ≡ 0 mod 2,
χ(OPn
k
(̺))− χ(OPn
k
(̺−m)) − χ(OC(̺)) ≡ 0 mod 2.
Then there exist a locally free OPn
k
–sheaf E , a symmetric map α: Eˇ(−d−m)→ E and a
resolution
(1) 0 −→ OPn
k
(−d)⊕ Eˇ(−d−m)
(γ
tλ
λ α)
−→ OPn
k
(−m) ⊕ E −→ FF −→ 0
inducing exact sequences
0 −→ Eˇ(−d−m)
(
tλ
α )
−→OPn
k
(−m)⊕ E −→ ℑC −→ 0,(2)
0 −→ Eˇ(−d−m)
α
−→ E −→ FG −→ 0.(3)
Conversely, given a subscheme C of codimension 2, assume that there does exist a
sequence (2) with the above property of α being symmetric and deg(det(α)) = m. Then C
is self–linked through the hypersurfaces F and G of respective equations f := det
(
0 tλ
λ α
)
and g := det(α). 
Moreover, in section 3 we discuss the problem whether the self–linkage ideal (f, g) is
uniquely determined once the generator g of higher degree is fixed, and prove that the
answer is positive under the condition that the subscheme be locally Gorenstein.
Acknowledgements. Both the authors acknowledge support from the projects AGE,
EAGER and Vigoni.
First results. For the reader’s benefit we recall the following definitions and results
proved from [C–C]. From now on we always assume that k is a field of characteristic p 6= 2.
Definition 0.1. Let X be a projective, locally Cohen–Macaulay scheme. We say that a
coherent, locally Cohen–Macaulay sheaf of OX–modules F is a δ/2–quadratic sheaf on X ,
δ = 0, 1, if there exists a symmetric bilinear map
F ×F → OX(−δ)
inducing an isomorphism σ:F(δ)
∼
−→HomOX
(
F ,OX
)
.
Remark 0.2. If F is δ/2–quadratic, then it is reflexive since the natural map F → Fˇˇ
equals σˇ−1 ◦ σ(−δ).
Assume now that F ⊆ Pnk is a hypersurface of degree d and that F is a δ/2–quadratic
sheaf on F .
The main result of sections 1 and 2 of [C–C] concerns a characterization of quadratic
sheaves on hypersurfaces in Pnk (including the needed parity condition as pointed out in
theorem 9.1 of [E–P–W]).
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Theorem 0.3. Let F ⊆ Pnk be a hypersurface of degree d and let F be a δ/2–quadratic
sheaf on F . Then F fits into an exact sequence of the form
(0.3.1) 0 −→ Eˇ(−d− δ)
ϕ
−→ E −→ F −→ 0
where E is a locally free OPn
k
–sheaf and ϕ is a symmetric map if and only if the following
parity condition holds: if n ≡ 1 mod 4 and n + 1 − d − δ = 2r, then also χ(F(−r)) is
even.
Moreover we can choose E such that Hj∗
(
P
n
k , E
)
= 0 for n > j > (n− 1)/2. 
Remark 0.4. Following [Ca1] we say that F is split symmetric if one can choose E to be
a direct sum of line bundles. This is possible if and only if F is arithmetically Cohen-
Macaulay i.e., if and only if Hi∗
(
P
n
k ,F
)
= 0 for each i = 1, . . . , n− 2.
1. From self–linkage to quadratic sheaves
Our first main theorem is an application of the theory of quadratic sheaves. For another
application see [C–C].
Definition 1.1. Let C ⊆ Pnk be a pure subscheme of codimension 2 and let ℑC ⊆ OPnk
be its sheaf of ideals: C is said to be self-linked with respect to the complete intersection
X := F ∩G of the two hypersurfaces F , G of respective degrees d, m, if C ⊆ X and one
of the following equivalent conditions holds
i) ℑX :ℑC = ℑC ;
ii) ℑC/ℑX = HomOPn
k
(
OC ,OX
)
.
For the above well-known equivalence see e.g. theorem 21.23 of [Ei] (see also [P–S]).
Remark 1.2. Indeed, since ℑC and ℑX coincide with OPn
k
in codimension 1 and are torsion
free, every φ ∈ HomOPn
k
(
ℑC ,ℑX
)
is given by a rational function, which is in turn regular
by the normality of OPn
k
.
Condition i) of definition 1.1 can be thus rewritten as (see [Ca2], proposition 2.6)
(1.2.1) ℑC = HomOPn
k
(
ℑC ,ℑX
)
.
By duality for finite maps (see [Ha], exercise II.6.10),
(1.2.2) HomOPn
k
(
OC ,OX
)
= HomOPn
k
(
OC , ωX(n+ 1−m− d)
)
= ωC(n+ 1−m− d).
Finally, let C, F := {f = 0}, G := {g = 0} be as above, and assume m = deg(G) ≥ d =
deg(F ). Then we can replace g by g+af (a is a homogeneous polynomial of degree m−d),
and obtain by Bertini’s theorem that G is smooth outside C. Indeed, if C is reduced we
can even have that G is smooth at the generic points of C, so that G is a normal, whence
irreducible, hypersurface. Moreover in this case (cfr. [Ca1], proposition 2.6) condition i)
is equivalent to cycle(X) = 2C.
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Definition 1.3. Let FG := ℑC/gOPn
k
(−m), FF := ℑC/fOPn
k
(−d).
By the above definition it follows that both FG and FF are obviously locally Cohen–
Macaulay. By remark 1.2, since
ℑX/gOPn
k
(−m) ∼= (fOPn
k
(−d) + gOPn
k
(−m))/gOPn
k
(−m) ∼= fOG(−d),
we have pairings
FG × FG −→ ℑX/gOPn
k
(−m) ∼= fOG(−d),
and analogously
FF ×FF −→ gOF (−m).
To verify that a twist of FG yields a quadratic sheaf on G (similarly for FF on F ) we have
to show that the pairing is perfect, i.e. FG ∼= HomOPn
k
(
FG,OG(−d)
)
.
Let ψ ∈ HomOPn
k
(
FG,OG(−d)
)
, then ψ induces ψ′ : ℑC → OG(−d) ∼= ℑX/gOPn
k
(−m).
If ψ′ is in the image of a φ ∈ HomOPn
k
(
ℑC ,ℑX
)
, then, by remark 1.2, φ ∈ ℑC , and clearly
φ induces a zero ψ if and only if φ ∈ gOPn
k
(−m).
Thus, we are left with the verification that
HomOPn
k
(
ℑC ,ℑX
)
→ HomOPn
k
(
ℑC ,ℑX/gOPn
k
(−m)
)
is surjective. By the Ex tiOPn
k
–exact sequence, the above surjectivity is equivalent to the
injectivity of j: Ex t1OPn
k
(
ℑC , gOPn
k
(−m)
)
→ Ex t1OPn
k
(
ℑC ,ℑX
)
.
To this purpose, consider
0 −→ Ex t1OPn
k
(
OC ,ℑX
) i
−→ Ex t1OPn
k
(
OC ,OG(−d)
)
−→
−→ Ex t2OPn
k
(
OC , gOPn
k
(−m)
) j′
−→ Ex t2OPn
k
(
OC ,ℑX
)
where j′ corresponds to j via the natural equivalence Ex t1OPn
k
(
ℑC , ·
)
∼= Ex t2OPn
k
(
OC , ·
)
. It
follows that j is injective if and only if i is an isomorphism. We have the exact sequence
HomOPn
k
(
OPn
k
,ℑX
)
−→ HomOPn
k
(
ℑC ,ℑX
)
−→
−→ Ex t1OPn
k
(
OC ,ℑX
)
−→ Ex t1OPn
k
(
OPn
k
,ℑX
)
∼= 0.
Since HomOPn
k
(
OPn
k
,ℑX
)
∼= ℑX and HomOPn
k
(
ℑC ,ℑX
)
∼= ℑC then
Ex t1OPn
k
(
OC ,ℑX
)
∼= ℑC/ℑX ∼= HomOPn
k
(
OC ,OX
)
∼= ωC(n+ 1−m− d).
We also have
Ex t1OPn
k
(
OC ,OPn
k
(−d)
)
−→ Ex t1OPn
k
(
OC ,OG(−d)
)
−→
−→ Ex t2OPn
k
(
OC , gOPn
k
(−m− d)
) g
−→ Ex t2OPn
k
(
OC ,OPn
k
(−d)
)
.
Since C ⊆ G, then the multiplication by g is zero. Moreover, Ex t1OPn
k
(
OC ,OPn
k
(−d)
)
= 0
since C is locally Cohen–Macaulay. We obtain that
Ex t1OPn
k
(
OC ,OG(−d)
)
∼= Ex t2OPn
k
(
OC , gOPn
k
(−m− d)
)
∼= ωC(n+ 1−m− d).
The following easy lemma thus concludes the proof that i:ωC(m+ d− n− 1)→ ωC(m+
d− n− 1) is an isomorphism.
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Lemma 1.4. If H is a coherent OPn
k
–sheaf and ̺:H → H is either injective or surjective,
then it is an isomorphism.
Proof. Let ̺ be injective (resp. surjective) and K := coker(̺) (resp. K := ker(̺)). By
Serre’stheorem B we get h1
(
P
n
k ,H(t)
)
= 0 (resp. h1
(
P
n
k ,K(t)
)
= 0) for each t large enough,
hence h0
(
P
n
k ,K(t)
)
= 0 for t large enough, whence K = 0 by Serre’s theorem A. 
Set d = 2d′+ δ, m = 2m′+µ, δ, µ ∈ {0, 1}. Then FG(d
′) is a δ/2–quadratic sheaf on G,
and similarly FF (m
′) is a µ/2–quadratic sheaf on F . According to theorem 0.3, we obtain
two locally free OPn
k
–sheaves E ′G and E
′
F provided that the respective parity conditions
hold.
It is convenient to rewrite such conditions. If n ≡ 1 mod 4 and d +m − n − 1 = 2̺,
then we want that χ(FF (̺)) ≡ χ(FG(̺)) ≡ 0 mod 2. By two obvious exact sequences the
above conditions are equivalent to the two congruences
(1.5)
χ(OPn
k
(̺))− χ(OPn
k
(̺− d))− χ(OC(̺)) ≡ 0 mod 2,
χ(OPn
k
(̺))− χ(OPn
k
(̺−m)) − χ(OC(̺)) ≡ 0 mod 2.
In turn the two congruences above are equivalent each other. In fact, it suffices to show
that
χ(OPn
k
(̺− d)) + χ(OPn
k
(̺−m)) = 0.
To this purpose recall that
χ(OPn
k
(h)) =
(h+ n) . . . (h+ 1)
n!
.
In our case n = 4a+ 1 and ̺ is even. Since, by the linkage condition, dm is even too, the
parity of d+m− n− 1 yields d = 2d′, m = 2m′, hence
χ(OPn
k
(̺− d)) =
(2a+ i) . . . (−2a+ i)
(4a+ 1)!
= −
(2a− i) . . . (−2a− i)
(4a+ 1)!
= χ(OPn
k
(̺−m)),
where i = m′ − d′.
We define EG := E
′
G(−d
′) and EF := E
′
F (−m
′). Then theorem 0.3 rewrites as follows.
Proposition 1.6. Assume that if n ≡ 1 mod 4 and n + 1 − d − m = 2̺ then the two
equivalent congruences (1.5) above hold.
Then there exist two locally free OPn
k
–sheaves EG and EF , such that H
i
∗
(
P
n
k , EG
)
=
Hi∗
(
P
n
k , EF
)
= 0 for n > i > (n− 1)/2, fitting into exact sequences
(1.6.1)
0 −→ EˇF (−d−m)
αF−→ EF −→ FF −→ 0,
0 −→ EˇG(−d−m)
αG−→ EG −→ FG −→ 0,
where tαF = αF ,
tαG = αG. 
In the above proposition and in what follows, the superscript t denotes the dual mor-
phism twisted by −d−m.
Remark 1.7. Let ℓ ⊆ Pnk be a line disjoint from C. Then the restrictions of the sequences
(1.6.1) to ℓ are still exact. On the other hand FF |ℓ ∼= OF∩ℓ and FG|ℓ ∼= OG∩ℓ, hence
c1(EF ) = −
1
2
rk(EF )(d+m) +
d
2
, c1(EG) = −
1
2
rk(EG)(d+m) +
m
2
.
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2. From quadratic sheaves to self–linkage
From now on we will assume that the parity condition holds.
Let OPn
k
(−d)
f
−→OPn
k
be the multiplication by f . Then it induces a map ϑ:OPn
k
(−d)→
FG. Since we have a chain of homomorphisms
(2.1)
HomOPn
k
(
OPn
k
(−d), EG
)
−→ HomOPn
k
(
OPn
k
(−d),FG
)
−→
∂
−→ Ext1OPn
k
(
OPn
k
(−d), EˇG(−d−m)
)
∼=
∼= H1
(
P
n
k , EˇG(−m)
)
∼= Hn−1
(
P
n
k , EG(m+ d− n− 1)
)ˇ
= 0
we can lift ϑ to a map λ:OPn
k
(−d)→ EG.
Argueing as in (2.1) we obtain that the natural map
HomOPn
k
(
EG,ℑC
)
→ HomOPn
k
(
EG,FG
)
is surjective whence we infer that the surjection EG → FG can be lifted to ν: EG → ℑC .
Notice that the map ν ◦ λ is given by f˜ ∈ H0
(
P
n
k ,OPnk (d)
)
congruent f mod g.
Let r := rk(EG). We have a map
Λr−1(αG): Λ
r−1(EˇG(−d−m))→ Λ
r−1EG.
Since Λr−1EˇG ∼= EG ⊗ det(EG)
−1 and Λr−1EG ∼= EˇG ⊗ det(EG), twisting by det(EG)
−1(−d)
and taking remark 1.7 into account, we obtain a map αadjG : EG → EˇG(−d) such that αG ◦
αadjG (−m): EG(−m) → EG is the multiplication by g and α
adj
G (d) = αˇ
adj
G since αG, hence
αadjG , is symmetric.
We can then define
µ := λˇ(−d) ◦ αadjG : EG → OPnk .
Proposition 2.2. ℑC coincides with the sheaf of ideals of OPn
k
generated by g and im(µ).
Proof. Let us consider the second sequence in (1.6.1). We have a chain map
(2.2.1)
0 −→ EˇG(−d−m)
αG−→ EG −→ FG −→ 0yβ yν yid
0 −→ OPn
k
(−m)
g
−→ ℑC −→ FG −→ 0
where β is induced by the restriction of ν.
By the mapping cone construction we obtain a resolution
0 −→ EˇG(−d−m)
s
−→OPn
k
(−m)⊕ EG −→ ℑC −→ 0
where s has components β, αG. Recall that αG(m)◦α
adj
G is the multiplication by g whence
(ν ◦ αG)(m) ◦ α
adj
G = gν, since (ν ◦ g)(m) = gν.
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Diagram (2.2.1) yields gβ = ν ◦ αG. Composing on the right with α
adj
G ◦ λ, we obtain
gβ(m) ◦ αadjG ◦ λ = gν ◦ λ:OPnk (−d)→ ℑC(m) ⊆ OPnk (m).
Since g is obviously a non–zero divisor in ℑC , then ν ◦λ = β(m)◦α
adj
G ◦λ:OPnk (−d)→ OPnk
and since ν ◦ λ is given by f˜ ≡ f mod g the same is true for β(m) ◦ αadjG ◦ λ.
It follows from the above identities that s ◦ tµ = (ν ◦λ(−m), gλ(−m)) is represented by
the product matrix (
1 0
0 λ
)(
f˜
g
)
.
Thus we obtain the following commutative diagram
(2.2.2)
0 −→ OPn
k
(−d−m)
(f˜g)
−→ OPn
k
(−m) ⊕OPn
k
(−d) −→ ℑX −→ 0ytµ y(1 00 λ) y
0 −→ EˇG(−d−m)
s
−→ OPn
k
(−m) ⊕ EG −→ ℑC −→ 0
whose right column is the inclusion.
The mapping cone of (2.2.2) is a resolution of ℑC/ℑX ∼= ωC(n+1−d−m) (see (1.2.2)).
Therefore the dual of the mapping cone of diagram (2.2.2) yields a resolution of ℑC (see
proposition 2.5 of [P–S]) and ℑC coincides with the sheaf of ideals locally generated by
the maximal minors of (
β 1 0
αG 0 λ
)
which is the ideal locally generated by the maximal minors of (αG, λ). Our statement
follows then from the very definition of µ and the identity det(αG) = g. 
Since µ◦αG = g(
tλ), then µ induces an endomorphism ψ of FG fitting into the following
commutative diagram
0 −→ EˇG(−d−m)
αG−→ EG −→ FG −→ 0ytλ yµ yψ
0 −→ OPn
k
(−m)
g
−→ ℑC −→ FG −→ 0 .
Since FG := ℑC/gOPn
k
(−m), proposition 2.2 implies the surjectivity of ψ. Moreover
ψ is also injective by lemma 1.4 above. We can replace the given surjection π: EG → FG
with ψ ◦ π, whence we may also replace ν by µ in the arguments of proposition 2.2, thus
obtaining the following
Proposition 2.3. There exists γ ∈ H0
(
P
n
k ,OPnk (d−m)
)
such that
f = det
(
γ tλ
λ αG
)
.
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Proof. Recall that we are now assuming ν = µ, whence by the very definition of µ, µ◦λ ≡ f
mod g. Since
µ ◦ λ = det
(
0 tλ
λ αG
)
,
then we obtain the existence of a γ such that
f = det
(
0 tλ
λ αG
)
+ γg = det
(
0 tλ
λ αG
)
+ det
(
γ tλ
0 αG
)
= det
(
γ tλ
λ αG
)
. 
Since f 6= 0 we get a coherent sheaf F supported on F and an exact sequence
0 −→ OPn
k
(−d)⊕ EˇG(−d−m)
( γ
tλ
λ αG
)
−→ OPn
k
(−m) ⊕ EG −→ F −→ 0.
It follows that F(m′) is µ/2–quadratic and we can easily construct the following exact
sequence of the vertical complexes Ci’s
C1 C2 C3
0 −→ EˇG(−d−m) −→ OPn
k
(−m) ⊕ EG −→ ℑC −→ 0y( 0id) yid yη
0 −→ OPn
k
(−d)⊕ EˇG(−d−m) −→ OPn
k
(−m) ⊕ EG −→ F −→ 0.
The associated long exact sequence gives OPn
k
(−d) ∼= H1(C1) ∼= H0(C3) ∼= ker(η). On
the other hand f ∈ ker(η), thus F ∼= FF .
If we set E := EG and α := αG, the above discussion proves the “only if” part of the
statement of the following main theorem.
Theorem 2.4. Let k be a field of characteristic p 6= 2 and C ⊆ Pnk be a pure subscheme of
codimension 2 which is self–linked through hypersurfaces F := {f = 0} and G := {g = 0}
of respective degrees d, m. Let ℑC be its sheaf of ideals and set FF := ℑC/fOPn
k
(−d),
FG := ℑC/gOPn
k
(−m).
Assume that if n ≡ 1 mod 4 and d+m−n− 1 = 2̺, then the following two equivalent
congruences hold:
χ(OPn
k
(̺))− χ(OPn
k
(̺− d))− χ(OC(̺)) ≡ 0 mod 2,
χ(OPn
k
(̺))− χ(OPn
k
(̺−m)) − χ(OC(̺)) ≡ 0 mod 2.
Then there exist a locally free OPn
k
–sheaf E , a symmetric map α: Eˇ(−d−m)→ E and a
resolution
(2.4.1) 0 −→ OPn
k
(−d)⊕ Eˇ(−d−m)
(γ
tλ
λ α)
−→ OPn
k
(−m) ⊕ E −→ FF −→ 0
inducing exact sequences
0 −→ Eˇ(−d−m)
(
tλ
α )
−→OPn
k
(−m)⊕ E −→ ℑC −→ 0,(2.4.2)
0 −→ Eˇ(−d−m)
α
−→ E −→ FG −→ 0.(2.4.3)
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Conversely, given a subscheme C of codimension 2, assume that there does exist a
sequence (2.4.2) with the above property of α being symmetric and deg(det(α)) = m.
Then C is self–linked through the hypersurfaces F and G of respective equations f :=
det
(
0 tλ
λ α
)
and g := det(α).
Proof. There remains to prove the converse assertion. Let P ∈ Pnk and consider in OPnk ,P
the maximal minors fi of the matrix (λ α) obtained by deleting the i
th column: in par-
ticular g = f1. Recall that ℑC,P = (f1, . . . , fr+1) in OPn
k
,P , hence for each pair of indices
i, j = 2, . . . r + 1 we have
ui,jf + vi,jg = fifj
for suitable ui,j , vi,j ∈ OPn
k
,P (the determinantal identity (1.2) of [Ca1] with k = j = 1).
It follows that neither f nor g are identically zero, else C would have a codimension
one component. The same identity shows that ℑ2C ⊆ ℑX . Moreover it is always true that
ℑX ⊆ ℑC , thus F and G have no common components.
We now prove that ℑX : ℑC = ℑC . To this purpose we first check that F := coker(α) ∼=
ℑC/gOPn
k
(−m). Indeed the diagram
0 −→ EˇG(−d−m) −→ OPn
k
(−m) ⊕ EG −→ ℑC −→ 0yid y(0 id)
0 −→ EˇG(−d−m) −→ EG −→ F −→ 0.
induces a surjection ℑC → F . Argueing as above we obtain that its kernel is gOPn
k
(−m).
The map α induces an isomorphism F ∼= HomOPn
k
(
F ,OG(−d)
)
, since deg(f) = d. We
have h ∈ ℑX,P : ℑC,P if and only if hℑC,P ⊆ ℑX,P .
Taking residue classes mod g, this is equivalent to hFP ⊆ ℑX,P /gOPn
k
,P (−m) ∼=
OG,P (−d), since g ∈ ℑX , hence to the fact that h mod g is inHomOPn
k
,P
(
FP ,OG,P (−d)
)
∼=
FP , i.e. h ∈ ℑC,P . 
3. Self–linkage of generically Gorenstein subschemes
In this section we shall inspect more deeply the case when C is a generically Gorenstein
pure subscheme of codimension 2 of Pnk which is self–linked through two hypersurfaces
F := {f = 0} and G := {g = 0} of degrees deg(F ) =: d ≤ m := deg(G).
The first hypothesys implies that C is also generically locally complete intersection since
its codimension is 2. Owing to the isomorphism (1.2.2) we have
ℑC/ℑX ∼= ωC(n+ 1−m− d)
whence at each generic point P ∈ C the sheaf ωC,P is invertible and a lift of a generator
yields y such that ℑC,P = (f, g, y)OPn
k
,P . Since C is generically complete intersection
and ℑX = (f, g) then ℑC is either (f, y) or (g, y) at P . In the first case we have locally
g = af + by. By changing globally g with g + cf for a suitable c we can assume that a is
invertible at each generic point of C, hence at each generic point P ∈ C we may assume
that we are in the case ℑC = (g, y) holds generically.
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Let now H := {h = 0} be another hypersurface such that C is also self–linked through
H and G. Recall that we defined X := F ∩G. If we set X := H ∩ G, then the following
proposition holds.
Proposition 3.1. Let C be a generically Gorenstein pure subscheme of codimension 2 of
P
n
k which is self–linked through the two complete intersections X = F ∩G and X = H ∩G.
If deg(F ) ≤ deg(G) then X = X
Proof. At each generic point P ∈ C we have ℑC = (y, g) and ℑX = (f, g). By the
factoriality of OPn
k
,P and since (y, g) is a system of parameters for the regular local ring
OPn
k
,P , the condition ℑX :ℑC = ℑC amounts to the identity f = gz − y
2 up to units.
Moreover C is self–linked with respect to both X and X , whence in OPn
k
,P
(f, g): (y, g) = (y, g) = (h, g): (y, g).
It follows that y2 ∈ (h, g), hence (f, g) = (y2, g) ⊆ (h, g) in OPn
k
,P . Since such an inclusion
holds at each generic point P ∈ C then (f, g) ⊆ (h, g). Changing the roles of f and h we
obtain (h, g) ⊆ (f, g), hence equality must hold. 
Remark 3.2. The condition deg(F ) ≤ deg(G) is necessary as shows the following easy
example. Let C be the origin in the affine plane with coordinates h, g. Let f = h2 − g2.
Then (f, g) 6= (f, h).
In order to clarify the role of the hypothesys that C is generically Gorenstein in propo-
sition 3.1, in the remaining part of this section we shall give an example where:
a) C is a pure subscheme of codimension 2 of Pnk , which is not generically Gorenstein;
b) C is self–linked through X := F ∩ G, with F := {f = 0} and G := {g = 0} of
degrees deg(F ) =: d ≤ m := deg(G);
c) for each choice of the second generator ĝ := af + g of ℑX , there exists h with
deg(h) = deg(f) such that C is self–linked throughX := H∩Ĝ, where Ĝ := {ĝ = 0}
and H := {h = 0},
d) but X 6= X .
Example 3.3. Let n ≥ 2, x and y independent linear forms in Pnk and C ⊆ P
n
k the
subscheme associated to the ideal (x2, xy, y2). Notice that C is not generically Gorenstein.
Claim 3.3.1. Let C be as above. Assume that C is self–linked through two hypersurfaces
F := {f = 0} and G := {g = 0}, with deg(F ) =: d ≤ m := deg(G). Then d = 2, m = 3
and there exist two other linear forms x′, y′ on Pnk such that (x, y) = (x
′, y′) and
i) either f = x′2 and g = y′3 mod f ,
ii) or f = x′y′ and g = x′3 − y′3 mod f .
Proof. Since deg(C) = 3 then deg(F ∩ G) = 6 hence d = 2 and m = 3. There exists a
Hilbert–Burch resolution of ℑC
0 −→ OPn
k
(−3)2
A
−→OPn
k
(−2)3
B
−→ℑC −→ 0
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where
A :=

 y 0−x y
0 −x

 , B := (x2, xy, y2).
Then the module ωC(n− 4) := Ex t
1
OPn
k
(
ℑC ,OPn
k
(−5)
)
has a dual resolution
0 −→ OPn
k
(−5)
tB
−→OPn
k
(−3)3
tA
−→OPn
k
(−2)2 −→ ωC(n− 4) −→ 0.
In particular ωC(n− 4) has two generators e1, e2 subject to the relations ye1 = xe2 =
xe1 − ye2 = 0. On the other hand we have an isomorphism ℑC/ℑX ∼= ωC(n− 4).
Therefore ℑC/ℑX has two generators, which lie in degree 2, satisfying the above rela-
tions.
Up to a linear change (x, y) → (x′, y′) of generators we can assume f = x′2 or f =
x′(x′ + cy).
We consider then the two possible cases.
c = 0, whence f = x′2. Hence, modulo f , we can find y′ = ay + bx′ such that either
g = x′y′2 or g = y′3. The first case is impossible since (f, g) must be a regular sequence.
In the second case let e1 = y
′2, e2 = x
′y′ mod ℑX . We obtain therefore a self–linkage of
C.
c 6= 0 whence we may set y′ = x′ + cy and therefore f = x′y′. Hence, modulo f , g =
ax′3+ by′3 where ab 6= 0, thus we can assume g = x′3−y′3. In this case e1 = x
′2, e2 = y
′2
mod ℑX . 
Claim 3.3.2. For each linear form L ∈ k[x, y] there exist linear forms ξ, η,M ∈ k[x, y]
such that
y3 + Lx2 = η3 +Mξ2
where x and ξ (resp. ξ and η) are linearly independent.
Proof. Let L := L0x+ L1y.
Assume that L0 6= 0. Then we may set
η := R′
(
x+
L1
3L0
y
)
, ξ = y, M := −
L21
3L0
x+
(
1−
L31
27L20
)
y,
where R′ is a fixed cube root of L0.
Next consider the case L0 = L1 = 0. Then we may take η = y, ξ arbitrary and M = 0.
Finally let L0 = 0 and L1 6= 0. Let a be such that
(3.3.2.1) (3a2 − L1)
2 − 12a4 = 0.
Notice that a 6= 0. It follows that 3ay2+3a2xy+a3x2−L1xy is the square of a linear form
ξ := R′′(6ay+(3a2−L1)x), where R
′′ is a fixed square root of (12a)−1. Setting η := y+ax
and M := −x, then y3+Lx2 = η3+Mξ2. Notice that x and ξ are independent, else a = 0
which is not a root of equation (3.3.2.1). On the other hand also ξ and η are independent
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for L1 6= −3a
2, in which case substituting in (3.3.2.1) we would obtain 24a4 = 0, a
contradiction. 
Set now f := x2, g := y3, ĝ := y3 + Lx2 and h := ξ2. Since ξ and η are independent
(h, ĝ) = (η3, ξ2) so that C is self–linked through H := {h = 0} and Ĝ := {ĝ = 0}, but
f 6∈ (h, g), since x and ξ are independent.
Thus we have checked that our example satisfies conditions a), b), c) and d) above.
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